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Abstract— We study a distributed computation model for
optimizing the sum of convex (nonsmooth) objective functions
of multiple agents. We provide convergence results and estimates
for convergence rate. Our analysis explicitly characterizes the
tradeoff between the accuracy of the approximate optimal solu-
tions generated and the number of iterations needed to achieve
the given accuracy.

I. INTRODUCTION

There has been considerable recent interest in the analysis
of large-scale networks, such as the Internet, which consist of
multiple agents with different objectives. For such networks, it
is essential to design network control methods that can operate
in a decentralized manner with limited local information and
converge to an approximately optimal operating point fairly
rapidly. Recent literature has adopted the utility-maximization
framework of economics to design distributed algorithms that
captures the multiple objectives of different agents, represented
by different utility functions (see Kelly et al. [7], Low and
Lapsley [8], and Srikant [13]). This framework builds on
convex optimization duality and is limited to applications
where the utility function of an agent depends only on the
resource allocated to that agent. In many applications how-
ever, individual agent’s utility depends on the entire resource
allocation vector.

In this paper, we study a simple distributed computation
model that captures these interactions and provide convergence
rate analysis for the resulting algorithm. In particular, we
consider a network consisting of V = {1, . . . ,m} nodes (or
agents) that cooperatively minimize a common additive cost.
More formally, the agents want to cooperatively solve the
following unconstrained optimization problem:

minimize
∑m

i=1 fi(x)
subject to x ∈ Rn,

(1)

where fi : Rn → R is a convex function for all i. Let f(x) =∑m
i=1 fi(x). We denote the optimal value of this problem by

f∗. We also denote the optimal solution set by X∗.
We assume that each agent i has information only about

his/her cost function fi. Every agent generates and main-
tains estimates of the optimal solution to problem (1), and
communicates them directly or indirectly to the other agents.

Each agent updates his/her estimate by combining it with the
estimates received from the other agents (if any) and by using
the subgradient information of fi.

Our model is in the spirit of the distributed computation
model proposed by Tsitsiklis [14] (see also Tsitsiklis et al.
[15], Bertsekas and Tsitsiklis [3]). There, the main focus is
on minimizing a (smooth) function f(x) =

∑m
i=1 fi(x) by

distributing the vector components xj , j = 1, . . . , n among
n processors. The possibility of distributing the component
functions fi among m agents has been suggested in [14], but
has not been explored fully. Here, we pursue this idea in depth
with focus on the case where the component functions fi are
convex but not necessarily smooth. To our knowledge this
is the first distributed model of such kind that is rigorously
analyzed. For this model, we present convergence results and
estimates for the rate of convergence. In particular, we show
that there is a tradeoff between the quality of an approximate
optimal solution and the computation load required to generate
such a solution. Our convergence rate estimate captures this
dependence explicitly in terms of the system and algorithm
parameters.

Related computational models for reaching consensus on a
particular scalar value have attracted a lot of recent attention as
natural models of cooperative behavior in networked-systems
(see Vicsek et al. [16] and Jadbabaie et al. [6]). There is also
another line of related work that focuses on computing exact
averages of the initial values of the agents (see Boyd et al. [5]
and Kashyap et al. [1]).

The remainder of this paper is organized as follows: in
Section 2, we describe a distributed computation model and
the assumptions on the interaction rules among the agents.
In Section 3, we present our assumptions and preliminary
results. In Section 4, we provide our main convergence and
rate of convergence results. Finally, in Section 5, we present
our concluding remarks.

Notation and Basic Notions For a matrix A, we write Aj
i or

[A]ji to denote the matrix entry in the i-th row and j-th column.
We write [A]i to denote the i-th row of the matrix A, and [A]j

to denote the j-th column of A. A vector a ∈ Rm is said to
be a stochastic vector when its components ai, i = 1, . . . ,m,
are nonnegative and

∑m
i=1 ai = 1. A square m × m matrix



A is said to be a stochastic matrix when each row of A is
a stochastic vector. A square m × m matrix A is said to be
doubly stochastic when both A and A′ are stochastic matrices.

For a function F : Rn → (−∞,∞], we denote the domain
of F by dom(F ) = {x ∈ Rn | F (x) < ∞}. We use the notion
of a subgradient of a convex function: a vector sF (x̄) ∈ Rn is
a subgradient of a convex function F at x̄ ∈ dom(F ) when
the following relation holds:

F (x̄) + sF (x̄)′(x− x̄) ≤ F (x) for all x ∈ dom(F ). (2)

The set of all subgradients of F at x̄ is denoted by ∂F (x̄)
(see [2]).

II. COMPUTATION MODEL

We consider a model where all agents update their estimates
xi at some discrete times tk, k = 0, 1, . . .. We denote by xi(k)
the vector estimate computed by agent i at the time tk. The
agents exchange their estimates as follows: When generating
a new estimate, an agent i combines his/her current estimate
xi with the estimates xj received from some of the other
agents j. For simplicity, in this paper we focus on a model
in the absence of delays.1 Specifically, agent i updates his/her
estimates according to the following relation:

xi(k + 1) =
m∑

j=1

ai
j(k)xj(k)− αi(k)di(k), (3)

where the vector ai = (ai
1, . . . , a

i
m)′ is a vector of weights

and the scalar αi(k) > 0 is a stepsize used by agent i. The
vector di(k) is a subgradient of the agent i objective function
fi(x) at x = xi(k).

In our convergence analysis of the model in Eq. (3), we
use a linear description of the estimate evolution in time,
which is motivated by work of Tsitsiklis [14]. In particular,
we introduce matrices A(s) whose i-th column is the vector
ai(s). Using these matrices we can relate estimate xi(k + 1)
to the estimates x1(s), . . . , xm(s) for any s ≤ k. In particular,
it is straightforward to verify that for the iterates generated by
Eq. (3), we have for any i, and any s and k with k ≥ s,
xi(k + 1) =

m∑
j=1

[A(s)A(s + 1) · · ·A(k − 1)ai(k)]jxj(s)

−
m∑

j=1

[A(s + 1) · · ·A(k − 1)ai(k)]jαj(s)dj(s)

− · · · −
m∑

j=1

[A(k − 1)ai(k)]jαj(k − 2)dj(k − 2)

−
m∑

j=1

[ai(k)]jαj(k − 1)dj(k − 1)− αi(k)di(k). (4)

For all s and k with k ≥ s, we introduce the matrices

Φ(k, s) = A(s)A(s + 1) · · ·A(k − 1)A(k),

1In ongoing work, we consider a more general setting where there is a
delay in delivering a message from one agent to another.

where
Φ(k, k) = A(k) for all k.

Note that the i-th column of Φ(k, s) is given by

[Φ(k, s)]i = A(s)A(s + 1) · · ·A(k − 1)ai(k),

while the entry in i-th column and j-th row of Φ(k, s) is given
by

[Φ(k, s)]ij = [A(s)A(s + 1) · · ·A(k − 1)ai(k)]j .

Using the preceding relations, we can now rewrite relation (4)
in terms of the matrices Φ(k, s), as follows:
xi(k + 1) =

m∑
j=1

[Φ(k, s)]ijx
j(s)−

m∑
j=1

[Φ(k, s + 1)]ijα
j(s)dj(s)

− · · · −
m∑

j=1

[Φ(k, k − 1))]ijα
j(k − 2)dj(k − 2)

−
m∑

j=1

[Φ(k, k)]ijα
j(k − 1)dj(k − 1)− αi(k)di(k).

More compactly, we have for any i ∈ {1, . . . ,m}, and s and
k with k ≥ s,

xi(k + 1) =
m∑

j=1

[Φ(k, s)]ijx
j(s) (5)

−
k∑

r=s+1

 m∑
j=1

[Φ(k, r)]ijα
j(r − 1)dj(r − 1)


−αi(k)di(k).

We next consider some rules on agent interactions and study
the properties of the matrices Φ(k, s) resulting from these
rules.

III. ASSUMPTIONS AND PRELIMINARY RESULTS

We impose some rules on the information exchange among
the agents that can guarantee the convergence of the estimates
generated by the model given in Eq. (3). These rules are in the
spirit of those proposed by Tsitsiklis [14] (see also the recent
paper of Blondel et al. [4]).

We start with the rules on agent interactions. In particular, at
first, we specify a rule that agents use when combining their
estimates xi. This rule is described in terms of the weights
ai

j(k) in relation Eq. (3).
Assumption 1: (Weights Rule) We have:

(a) There exists a scalar η with 0 < η < 1 such that
(i) ai

i(k) ≥ η for all i and k.
(ii) ai

j(k) ≥ η for all i, k, and j when agent j commu-
nicates with agent i in the time interval (tk, tk+1).

(iii) ai
j(k) = 0 for all i, k, and j otherwise.

(b) The vectors ai(k) are stochastic, i.e.,
∑m

j=1 ai
j(k) = 1

for all i and k.
Assumption 1(a) states that each agent gives significant

weights to his/her own estimate xi(k) and all estimates xj(k)



available from other agents j at the update time. Naturally,
an agent i assigns zero weights to the estimates xj for those
agents j whose estimate information is not available at the
update time.2 Consider the matrix A(k) whose columns are
a1(k), . . . , am(k). We note that under Assumption 1, the
transpose A′(k) is a stochastic matrix for all k.

At each update time tk, the information exchange among
the agents may be represented by a directed graph (V,Ek)
with the set of directed edges Ek given by

Ek = {(j, i) | ai
j(k) > 0}.

From Assumption 1(a), it follows that (i, i) ∈ Ek for all i
and k, and that (j, i) ∈ Ek if and only if agent i receives an
estimate xj(k) from agent j in the time interval (tk, tk+1).

The next assumption states that following any time tk, the
information of an agent j reaches each and every agent i
directly or indirectly (through a sequence of communications
between the other agents).

Assumption 2: (Connectivity) The graph (V,E∞) with the
set of edges E∞ consisting of agent pairs (j, i) communicating
infinitely many times, i.e.,

E∞ = {(j, i) | (j, i) ∈ Ek for infinitely many indices k},

is connected.
In other words, this assumption states that for any k and any

agent pair (j, i), there is a directed path from agent j to agent
i with the path edges in the set ∪l≥kEl. Thus, Assumption
2 is equivalent to the assumption that the composite directed
graph (V,∪l≥kEl) is connected for all k.

In our convergence analysis, we also adopt the following
assumption, which states that the intercommunication intervals
are bounded for those agents that communicate directly.

Assumption 3: (Bounded Intercommunication Interval)
There exists an integer B ≥ 1 such that

(j, i) ∈ Ek ∪ Ek+1 ∪ · · · ∪ Ek+B−1

for all k and any agent j that communicates directly to an
agent i infinitely many times.

Worded differently, this assumption requires that, for any
agent pair (j, i) such that agent j communicates directly
to agent i infinitely many times [i.e., (j, i) ∈ E∞], agent
j provides information to agent i at least once every B
consecutive updates.

A. Properties of the Matrices Φ(k, s)
In this section, we establish some properties of the matrices

Φ(k, s) for k ≥ s. The convergence properties of these
matrices as k → ∞ have been extensively studied and well-
established (see [14], [6], [17]). Our contribution in this section
is the provision of the convergence rate estimates explicitly as
a function of the system parameters. We skip the proofs of

2For Assumption 1(a) to hold, the agents need not be given the lower
bound η for their weights ai

j(k). In particular, as a lower bound for the
weights ai

j(k), j = 1, . . . , m, each agent may use his/her own bound ηi,
with 0 < ηi < 1. In this case, Assumption 1(a) holds for η = min1≤i≤m ηi,
and this common bound is used only in the analysis of the model.

the lemmas due to space constraints and refer the interested
reader to Tsitsiklis [14] and the technical report [12].

Recall that for all k and s with k ≥ s,

Φ(k, s) = A(s)A(s + 1) · · ·A(k − 1)A(k), (6)

where
Φ(k, k) = A(k) for all k. (7)

Let s be arbitrary and consider the matrices

Φ(s + kB̄ − 1, s + (k − 1)B̄) for k = 1, 2, . . . ,

with the scalar B̄ given by

B̄ = (m− 1)B, (8)

where m is the number of agents and B is the intercommuni-
cation interval bound of Assumption 3. The following lemma
states that, for any fixed s, the product of the matrices Φ(k, s)
converges as k →∞.

Lemma 1: Let Weights Rule, Connectivity, and Bounded
Intercommunication Interval assumptions hold [cf. Assump-
tions 1, 2, and 3]. Let s be arbitrary and define

Dk = Φ′
(
s + kB̄ − 1, s + (k − 1)B̄

)
for k ≥ 1, (9)

where the scalar B̄ is given by Eq. (8). We then have:
(a) The limit D̄ = limk→∞Dk · · ·D1 exists.
(b) The limit D̄ is a stochastic matrix with identical rows

i.e.,
D̄ = eφ′

for a stochastic vector φ ∈ Rm.
(c) The convergence of Dk · · ·D1 to D̄ is geometric, i.e., for

all k ≥ 1 and u ∈ Rm,∥∥Dk · · ·D1u− D̄u
∥∥
∞ ≤ 2

(
1 + η−B̄

) (
1− ηB̄

)k

‖u‖∞,

where η is the lower bound of Assumption 1(a). In
particular, for every j, the entries [Dk · · ·D1]

j
i , i =

1, . . . ,m, converge to the same limit φj as k →∞ with
a geometric rate, i.e., for every j,∣∣∣[Dk · · ·D1]

j
i − φj

∣∣∣ ≤ 2
(
1 + η−B̄

) (
1− ηB̄

)k

.

The explicit form of the bound in part (c) of Lemma 1 is new;
the other parts have been established by Tsitsiklis [14].

In the following lemma, we present convergence results for
the matrices Φ(k, s) as k goes to infinity. Lemma 1 plays a
crucial role in establishing these results. In particular, we show
that the matrices Φ(k, s) have the same limit as the matrices
[D1 · · ·Dk]′, when k increases to infinity (see [12] for the
proof).

Lemma 2: Let Weights Rule, Connectivity, and Bounded
Intercommunication Interval assumptions hold [cf. Assump-
tions 1, 2, and 3]. We then have:
(a) The limit Φ̄(s) = limk→∞Φ(k, s) exists for each s.
(b) The limit matrix Φ̄(s) has identical columns and the

columns are stochastic i.e.,

Φ̄(s) = φ(s)e′,



where φ(s) is a stochastic vector for each s.
(c) For every i, the entries [Φ(k, s)]ij , j = 1, ...,m, converge

to the same limit [φ(s)]i as k → ∞ with a geometric
rate, i.e., for every i ∈ {1, . . . ,m}, j ∈ {1, . . . ,m}, and
k ≥ s,∣∣∣[Φ(k, s)]ji − [φ(s)]i

∣∣∣ ≤ 2
1 + η−B̄

1− ηB̄

(
1− ηB̄

) k−s
B̄

,

where η is the lower bound of Assumption 1(a) and B̄ is
given by Eq. (8).

B. Limit Vectors φ(s)
In our convergence analysis, it is crucial that the

limit vectors φ(s) converge to a uniform distribution, i.e.,
lims→∞ φ(s) = 1

m e for all s. A special case when this holds
is the case when φ(s) = 1

m e for all s. In the following, we
show that each φ(s) corresponds to a uniform distribution
when the matrices A(k) = [a1(k), . . . , am(k)] formed from
the weights ai(k), i = 1, . . . ,m, are doubly stochastic. We
formally impose this assumption in the following.

Assumption 4: (Doubly Stochastic Weights) The weight ma-
trix A(k) = [a1(k), . . . , am(k)] is doubly stochastic for all k.

Under this and some additional assumptions, all the limit
vectors φ(s) are the same and correspond to the uniform
distribution 1

m e. This is an immediate consequence of Lemma
2, as seen in the following.

Proposition 1: Let Weights Rule, Connectivity, Bounded
Intercommunication Interval, and Doubly Stochastic Weights
assumptions hold [cf. Assumptions 1, 2, 3, and 4]. We then
have:
(a) The limit matrices Φ(s) = limk→∞Φ(k, s) are doubly

stochastic and correspond to a uniform steady state dis-
tribution for all s, i.e.,

Φ(s) =
1
m

ee′ for all s.

(b) The entries [Φ(k, s)]ij converge to 1
m as k → ∞ with a

geometric rate uniformly with respect to i and j, i.e., for
all i, j ∈ {1, . . . ,m}, and all k, s with k ≥ s,∣∣∣∣[Φ(k, s)]ji −

1
m

∣∣∣∣ ≤ 2
1 + η−B̄

1− ηB̄

(
1− ηB̄

) k−s
B̄

.

The requirement that A(k) are doubly stochastic for all k
inherently dictates that the agents share the information about
their weights and coordinate the choices of the weights when
updating their estimates. In this scenario, we view the weights
of the agents as being of two types: planned weights and actual
weights they use in their updates. Specifically, let the weight
pi

j(k) > 0 be the weight that agent i plans to use at the update
time tk+1 provided that an estimate xj(k) is received from
agent j in the interval (tk, tk+1). If agent j communicates
with agent i during the time interval (tk, tk+1), then these
agents communicate to each other their estimates xj(k) and
xi(k) as well as their planned weights pj

i (k) and pi
j(k). In the

next update time tk+1, the actual weight ai
j(k) that agent i

assigns to the estimate xj(k) is a combination of the agent j
planned weight pj

i (k) and the agent i planned weight pi
j(k).

We summarize this in the following assumptions.
Assumption 5: (Simultaneous Information Exchange) The

agents exchange information simultaneously: if agent j com-
municates to agent i at some time, then agent i also commu-
nicates to agent j at that time, i.e.,

if (j, i) ∈ Ek for some k, then (i, j) ∈ Ek.

Furthermore, when agents i and j communicate, they exchange
their estimates xi(k) and xj(k), and their planned weights
pi

j(k) and pj
i (k).

Assumption 6: (Symmetric Weights) Let the agent planned
weights pi

j(k), i, j = 1 . . . , m, be such that for some scalar
η, with 0 < η < 1, we have pi

j(k) ≥ η for all i, j and k, and∑m
j=1 pi

j(k) = 1 for all i and k. Furthermore, let the actual
weights ai

j(k), i, j = 1, . . . ,m that agents use in their updates
be given by
(i) ai

j(k) = min{pi
j(k), pj

i (k)} when agents i and j commu-
nicate during the time interval (tk, tk+1), and ai

j(k) = 0
otherwise.

(ii) ai
i(k) = 1−

∑
j 6=i ai

j(k).
The next proposition shows that when agents take the

minimum of their planned weights and these weights are
stochastic, then the actual weights form a doubly stochastic
matrix.

Proposition 2: Let Connectivity, Bounded Intercommuni-
cation Interval, Simultaneous Information Exchange, and Sym-
metric Weights assumptions hold [cf. Assumptions 2, 3, 5, and
6]. We then have:
(a) The limit matrices Φ(s) = limk→∞Φ(k, s) are doubly

stochastic and correspond to a uniform steady state dis-
tribution for all s, i.e.,

Φ(s) =
1
m

ee′ for all s.

(b) The entries [Φ(k, s)]ij converge to 1
m as k → ∞ with a

geometric rate uniformly with respect to i and j, i.e., for
all i, j ∈ {1, . . . ,m}, and all k, s with k ≥ s,∣∣∣∣[Φ(k, s)]ji −

1
m

∣∣∣∣ ≤ 2
1 + η−B̄

1− ηB̄

(
1− ηB̄

) k−s
B̄

.

IV. CONVERGENCE ANALYSIS

In this section, we study the convergence behavior of the
subgradient method introduced in Section II. In particular, we
consider the subgradient method with a constant stepsize that
is common to all agents, i.e., αj(r) = α for all r and all
agents j. As seen in Section II, the iterates generated by the
subgradient method satisfy Eq. (5), which for a constant step
reduces to the following: for any i ∈ {1, . . . ,m}, and s and
k with k ≥ s,

xi(k + 1) =
m∑

j=1

[Φ(k, s)]ijx
j(s)



− α

k∑
r=s+1

 m∑
j=1

[Φ(k, r)]ijdj(r − 1)

− αdi(k).

To analyze this model, we consider a related “stopped” model
whereby the agents stop computing the subgradients dj(k) at
some time, but they keep exchanging their information and
updating their estimates using the weights only for the rest of
the time. To describe the “stopped” model, we use s = 0 in
the preceding relation and obtain

xi(k + 1) =
m∑

j=1

[Φ(k, 0)]ijx
j(0) (10)

− α

k∑
s=1

 m∑
j=1

[Φ(k, s)]ijdj(s− 1)

− αdi(k).

Suppose that agents cease computing dj(k) after some time
tk̄, so that

dj(k) = 0 for all j and all k with k ≥ k̄.

Let {x̄i(k)}, i = 1, . . . ,m be the sequences of the estimates
generated by the agents in this case. Then, from relation (10)
we have for all i,

x̄i(k) = xi(k) for all k ≤ k̄,

and for all k > k̄,

x̄i(k) =
m∑

j=1

[Φ(k − 1, 0)]ijx
j(0)

−α

k̄∑
s=1

 m∑
j=1

[Φ(k − 1, s)]ijdj(s− 1)

 .

By letting k → ∞ and by using Proposition 2(b), we see
that the limit vector limk→∞ x̄i(k) exists. Furthermore, the
limit vector does not depend on i, but does depend on k̄. We
denote this limit by y(k̄), i.e.,

lim
k→∞

x̄i(k) = y(k̄),

for which, by Proposition 2(a), we have

y(k̄) =
1
m

m∑
j=1

xj(0)− α

k̄∑
s=1

 m∑
j=1

1
m

dj(s− 1)

 .

We re-index these relations by using k, and thus obtain

y(k + 1) = y(k)− α

m

m∑
j=1

dj(k) for all k. (11)

The vector dj(k) is a subgradient of the agent j objective
function fj(x) at x = xj(k), so that the preceding iteration
can be viewed as an iteration of an approximate subgradient
method. Specifically, for each j, the method uses a subgradient
of fj at the estimate xj(k) approximating the vector y(k)
[instead of a subgradient of fj(x) at x = y(k)].

We start with a lemma providing some basic relations
used in the analysis of subgradient methods (see Nedić and

Bertsekas [9], [10], and Nedić et al. [11]). Recall our notation
f(x) =

∑m
i=1 fi(x).

Lemma 3: Let the sequence {y(k)} be generated by the
iteration (11), and let the sequences {xj(k)} be generated by
the iteration (10). Let {gj(k)} be a sequence of subgradients
such that gj(k) ∈ ∂fj(y(k)) for all j and k. We then have:
(a) For any x ∈ Rn and all k ≥ 0,

‖y(k + 1)− x‖2 ≤ ‖y(k)− x‖2

+
2α

m

m∑
j=1

(
‖dj(k)‖+ ‖gj(k)‖

)
‖y(k)− xj(k)‖

−2α

m
[f(y(k))− f(x)] +

α2

m2

m∑
j=1

‖dj(k)‖2.

(b) When the optimal solution set X∗ is nonempty, there
holds for all k ≥ 0,

dist2(y(k + 1), X∗) ≤ dist2(y(k), X∗)

+
2α

m

m∑
j=1

(‖dj(k)‖+ ‖gj(k)‖) ‖y(k)− xj(k)‖

−2α

m
[f(y(k))− f∗] +

α2

m2

m∑
j=1

‖dj(k)‖2.

In our convergence analysis, we assume that the sub-
gradients of the agent functions fj are uniformly bounded.
Specifically, we assume that there is a scalar L such that

max
j,k

{‖dj(k)‖, ‖gj(k)‖} ≤ L, (12)

where gj(k) is a subgradient of fj(y(k)) for all j and k.
This assumption is standard in the convergence analysis of
subgradient methods; it is satisfied, for example, when each
fi is polyhedral (i.e., fi is the pointwise maximum of a finite
number of affine functions).

The next proposition contains our main convergence result.
The proof is omitted due to space constraints and it can be
found in [12].

Proposition 3: Let Connectivity, Bounded Intercommuni-
cation Interval, Simultaneous Information Exchange, and Sym-
metric Weights assumptions hold [cf. Assumptions 2, 3, 5, and
6]. Let the subgradients be bounded in sense of Eq. (12), and
assume that the optimal set X∗ of problem (1) is nonempty.
Let xj(0) denote the initial vector of agent j and assume that

max
1≤j≤m

‖xj(0)‖ ≤ αL.

Let the sequence {y(k)} be generated by the iteration (11),
and let the sequences {xi(k)}, i = 1, . . . ,m, be generated by
the iteration (10). We then have:
(a) A uniform upper bound on ‖y(k) − xi(k)‖: for every

i ∈ {1, . . . ,m} and for all k ≥ 0,

‖y(k)− xi(k)‖ ≤ 2αLC1,

C1 = 1 +
m

1− (1− ηB̄)
1
B̄

1 + η−B̄

1− ηB̄
.



(b) An upper bound on the objective values f(y(k)): for all
K ≥ K∗,

min
0≤k≤K

f(y(k)) ≤ f∗ + αL2C.

When there are subgradients gij(k) of fj at xi(k) that
are bounded uniformly by some constant L1, an upper
bound on the objective values f(xi(k)) is given by: for
all K ≥ K∗,

min
0≤k≤K

f(xi(k)) ≤ f∗+αL2C +2αmL1LC1 for all i.

(c) Let ŷ(k) be the average of y(0), . . . , y(k − 1) for all
k ≥ 1, and similarly for each i ∈ {1, . . . ,m}, let x̂i(k)
be the average of x̂i(0), . . . , x̂i(k−1). An upper bound on
the objective cost f(ŷ(k)) is given by: for all K ≥ K∗,

f(ŷ(K)) ≤ f∗ + αL2C.

When there are subgradients ĝij(k) of fj at x̂i(k) that
are bounded uniformly by some constant L̂1, an upper
bound on the objective values f(x̂i(k)) is given by: for
all K ≥ K∗,

f(x̂i(K)) ≤ f∗ + αL2C + 2αmL̂1LC1 for all i,

where L is the subgradient norm bound of Eq. (12) and K∗

is the number of iterations given by

K∗ =
⌈

m dist2(y(0), X∗)
α2L2C

⌉
,

y(0) = 1
m

∑m
j=1 xj(0) and C = 1 + 8mC1.

Note that the number K∗ of iterations of the preceding
proposition is inversely proportional to the stepsize α. By part
(a) of the proposition, it follows that the error between y(k)
and xi(k) for all i is bounded from above by a constant that is
proportional to the stepsize α. This dependence captures the
tradeoff between the quality of an approximate solution and
the computation load required to generate such a solution.

V. CONCLUSIONS

We analyzed the convergence and rate of convergence
properties of a distributed computation model for optimizing
the sum of objective functions of multiple agents using local
information. The model involves distributed computations and
local message exchanges. Our analysis explicitly characterizes
the tradeoff between the accuracy of the approximate optimal
solutions generated and the number of iterations needed.
One area that is left for future work is the incorporation of
constraints into the computation model, which is the focus of
our current research.
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